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ABSTRACT: We focus on Vicsek fractals (VF), which are regular hyperbranched macromolecules. As
such, they belong to the same family as the dendrimers, without suffering from the growth problems of
the latter. We compute the mechanical and dielectric properties of VF in dilute solutions. The evaluation
of the static and dynamical properties of VF in the framework of generalized Gaussian structures (GGS)
reveals that they, distinct from the dendrimers, obey scaling. Theoretically speaking, VF are probably
the most natural extension of GGS from linear chains to nontrivial loopless fractal objects. We encourage
the synthesis and experimental characterization of the properties of this class of hyperbranched
macromolecules.

1. Introduction

A fundamental problem in the study of polymers is
in how far the geometrical properties of the macro-
molecules are reflected by their dynamical behavior.
Historically, one proceeded from the fundamental theo-
retical investigations of dilute solutions of linear chains,
pioneered by Rouse1 and Zimm,2 progressing from star
polymers3 and dendrimers4-7 to more general hyper-
branched structures8-10 and to very complex macro-
molecular systems.11-14 Now, the quest to model the
dynamics of general polymer structures and that of their
segments leads to the extension of the Rouse and Zimm
approaches1,2,15,16 to generalized Gaussian structures17

(GGS): These consist of beads subject to friction (with
friction constant ú) connected to each other by springs
(with elasticity constant K). The geometry is then taken
into account by connecting each bead of the system to
its nearest neighbors (which can be more than two). A
central, simplifying assumption is that the connecting
springs behave harmonically, so that the whole struc-
ture obeys Gaussian statistics. Additionally one can take
hydrodynamic interactions (HI) into account, e.g., fol-
lowing Zimm, by using the preaveraged Oseen ten-
sor.2,15,16

Now, the price to be paid in going from linear chains
to star polymers,18,19 dendrimers,9,18-20 and general
hyperbranched structures21 is that scaling (at least in
its classical form) is not expected to hold anymore (at
least not in a simple form, which implies power-law
dependences on the frequency ω or on the time t). The
basic reason for this resides in the fact that while linear
chains are (admittedly, trivial) fractals, the more gen-
eral structures described above are not necessarily
fractal.

Interestingly there exists a family of hyperbranched
structures which obey dilation symmetry, the so-called
Vicsek fractals (VF). VF can be constructed iteratively,
by going from generation g to generation g + 1 in a
deterministic way (which reminds one of the construc-
tion of dendrimers). The original VF with coordination

number f ) 4 were introduced in the 1980s22 and their
dynamical properties were investigated at the beginning
of the 1990s.23-26 From this work, it became clear that
the eigenfunctions of VF, and in particular their eigen-
values, obey rather simple rules; the authors of refs 23-
26 computed the eigenvalues of VF with f ) 4, by
determining numerically the roots of iteratively con-
structed polynomials.

In this work, we will point out that one can envisage
(for different f values) the synthesis of macromolecules
in VF form; this prompts us to analyze theoretically the
properties of general VF. Furthermore, as we proceed
to show, for arbitrary f and g the VF eigenvalues can
be determined exactly, using simple algebraic recurence
formulas. In this way the theoretical study of the
dynamical properties of general VF is considerably
simplified. This is particularly important, since in the
framework of Rouse GGS models, many dynamical
properties of easy experimental access are determined
by the eigenvalues only. Moreover, VF are of much
theoretical interest, since they are nontrivial fractals
devoid of loops; in fact they may even be viewed
(paralleling the dendrimers) as being another natural
generalization of linear chains to regular branched
structures with model character.

In previous work, we have shown how to deal with
regular Sierpinski-type lattices using GGS procedures;
in the Rouse variant, these allow one to determine the
eigenvalues of macroscopically large objects to extremely
high accuracy, without the need to diagonalize the
connectivity matrices.27,28 In this way, we could dem-
onstrate that the main parameter that determines the
Rouse dynamics is the spectral dimension of the fractals
considered.29-33 We could also show that for the Rouse-
model scaling is very well obeyed over wide ranges in
frequency or time, provided that the finite fractals
considered are large enough.27,28 Similar procedures can
now be utilized in the study of VF, as we proceed to
show.

The paper is structured as follows: In the next
section, we introduce the VF for arbitrary f values and
sketch a possible reaction scheme for synthesizing such
VF. We also display a method which allows us to obtain
exactly, in quite straightforward fashion, for arbitrary
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f and g, all eigenvalues corresponding to a given finite
VF. In section 3, we recall the general formalism of GGS
which, in the Rouse picture, allows one to determine
the dynamical properties of macromolecules in dilute
solution based mainly on the eigenvalues of their
connectivity matrices. In section 4 we calculate the
mechanical and dielectric relaxation properties of VF,
while also recalling the possibility of micromanipulating
them; for this we evaluate the (anomalous) drift behav-
ior of VF under the influence of external fields. Here
we also prove that for VF all these dynamical features
obey scaling. In section 5, we display the changes that
occur when, in the spirit of Zimm, hydrodynamic
interactions (HI) are also included in the picture. We
conclude with a summary of results in section 6.

2. Generalized Vicsek Fractals

We now turn to a class of hyperbranched polymers
which are connected in the form of VF. Our study is
motivated by the search of scaling;33,34 as we will
demonstrate, such regular hyperbranched struc-
tures23-26,35 obey scaling.

To render the iterative procedure clear we begin with
a VF with functionality f ) 6. In Figure 1, we show
schematically the structure at generation g ) 3. In the
figure, the VF at generation g ) 1 is represented
through open circles; it consists of f + 1 ) 7 beads
arranged in a star-wise pattern, the central bead having
six neighbors. To this object, one attaches at the next
generation through 6 (in general f) bonds, again in star-
wise fashion 6 (in general f) identical copies of itself.
Hence, the next stage object (g ) 2) consists of Figure 1
of 49 beads. The iteration is now obvious; Figure 1
presents the finite VF for f ) 6 and g ) 3. Note that
the regular pattern of Figure 1 (embedded in the 2d-
Euclidean space) has a fractal dimension dhr of

since increasing from the center the distance (radius)
by a factor of 3 increases the number of beads inside it
by (f + 1). It differs from the dh f fractal dimension
corresponding to the mass of the dendrimer in solution
by a factor of 2, so that dh f ) 2dhr. One should remark, as
is also clear from eq 1, that the extreme overcrowding
found for dendrimers (where dhr ) ∞) does not appear
in VF. As examples for other members of the class, we

depict in Figure 2 the VF for f ) 3 and g ) 3, as well as
for f ) 2 and g ) 3. Note that the latter is, in fact, a
linear chain.

We stop to remark that many dynamical properties
of connected structures (such as the vibrational spectra,
the relaxation modes, but also random walks over them)
depend on the spectrum of the eigenvalues of their
connectivity matrix A ) (Aij). In this matrix the off-
diagonal elements Aij are -1 if beads i and j are
connected by a bond, and 0, otherwise; furthermore the
Aii obey Aii ) -∑j*i Aij. Previous work23-26,35 has
centered on finite VF with functionality f ) 4; for this
case, Jayanthi and Wu24-26 succeeded in determining
the eigenvalues of A by numerically computing the zeros
of iteratively determined polynomials. Here we re-
analyze the problem for general f and show that the
eigenvalues of VF can be obtained in a straightforward
way, for arbitrary f and g, through an algebraic iterative
procedure, which involves the Cardano-solution for cubic
equations.36 These findings open the way to theoretically
study the dynamics of arbitrarily large, finite VF.

Let us now first discuss some aspects related to the
chemical realization of VF. These include the geometry
in terms of composition, structure and steric require-
ments and the synthesis of the system. As is evident
from Figures 1 and 2, VF are built from structural
entities with valence c, which equal 1, 2 and f, entities
which we denote by M1, M2, and Mf, respectively. Note
that the case f ) 2, in which only M1 and M2 appear, is
particular, and that it leads to linear chains.

Considering the chemical aspects, one may first start
with entities which are identical; however, if the macro-
molecules should extend to length scales considerably
larger than those of the chemical bonds themselves, M1,
M2, and Mf may also be chosen from a set of different
chemical species. One has then a large variety of Mf
entities at one’s disposal, such as the building blocks of
polycarbosilanes37 or copolyester;38 moreover, numerous
other examples for Mf may be found. For f ) 3,
condensed triarylamines are interesting candidates;
they have been synthesized as bridged molecules39 and
exist in a polymer phase.40 A structural representation
of this class of systems is given in Figure 3 for g ) 2.
Here the structural units are nitrogen atoms (M3) and
phenyl rings (M1, M2); for M2 they are then connected
in the para position. We note that even the connectivity
f ) 6 can be met by using triarylamines bound to rather
small benzene rings.41

Although the thus created objects do not suffer from
the extreme overcrowding of dendrimers, embedding

Figure 1. Vicsek fractal for f ) 6 at the stage N ) 73, i.e., at
generation g ) 3. Displayed is an absolutely regular realiza-
tion, very atypical for the GGS's configuration in solution.

dhr )
ln(f + 1)

ln 3
(1)

Figure 2. Vicsek fractals at generation g ) 3 for f ) 3 and f
) 2. See also Figure 1 for comments.

Macromolecules, Vol. 37, No. 2, 2004 Generalized Vicsek Fractals 639



chemical realizations of Vicsek fractals with a high
connectivity, i.e., f g 5, into three Euclidian dimensions
may lead to serious packing problems and strong steric
requirements, see dh f given after eq 1. In such cases, one
has to take particular care while using the Gaussian
model, and correlations may play an important role. In
the chemical example of condensed triarylamines pre-
sented here, however, we have f ) 3, which leads to dh f
= 2.52, which is well below d ) 3. To verify that the
realization of the fractal is well-embedded in three
dimensions, we have constructed models for the genera-
tions g ) 2, 3, and 4 and relaxed them using a classical
force field.42 As is evident from Figure 4, the spatial
requirements can be met without problems for systems
that exhibit two-coordinated bridging elements that are
not extremely bulky.

We continue by giving an outline of possible synthetic
routes for the chemical realizations of VF. As we aim
to obtain rather large structures, the reactions involved
in the synthesis should be simple and allow for repeti-
tion in each generation. We now take the global reaction
to be of the type given in Figure 5 and assume the A
and B to be groups that react completely, e.g., within a
condensation reaction; this comprises the first step of
the scheme

whereas the group C is not reactive in this step. We note

that A and B do not necessarily have to be eliminated
from the product molecule; they may even participate
in a chemical bond that is stable with respect to the
following reaction steps. In reaction 2, M constitutes the
monomer, and it is indicated by the stars in the
structure formula shown in Figure 5. The product of
reaction 2 is divided into two fractions. For the first
fraction, C is completely substituted by A

In the second fraction, C is partly substituted by B,
followed by an incomplete removal of the remaining C
groups

with m and n being 0, 1, 2, or 3 each. Consequently, a
mixture of products M16BnCm is obtained, which has to
be separated. This separation is unavoidable, because
in the following step

the next generation of the fractal has to be synthesized,
whereby one has to avoid situations such as additional
condensations (n > 1), having no reaction at all (n ) 0),
or having the reaction end for one branch in the next
generation (m > 1). The B and C groups and the reaction
conditions should be chosen in such a way as to give
the maximum yield of M16BC in a mixture of 10 possible
products (we consider n g m). In addition, B and C
should differ in their properties, e.g., in ionicity, so that
to enable a ready separation, i.e., by chromatography.
We close by noting that the proposed scheme (eqs 2-5)
sketches only a possible synthetic route and that the
details require the skill and the experience of organic
chemists in finding appropriate A, B, C, and M reac-
tants, given that the basic steps of the scheme must
occur at high yield.

After sketching a possible synthesis of macromol-
ecules with VF geometry, we return to the determina-
tion of the eigenvalues of the VF. For this we derive
recurrence formulas which allow us to obtain the
eigenvalues of the g + 1 generation from that of the g
generation. From these quantities, we determine for the
corresponding VF the mechanical storage moduli, the
dielectric relaxation forms and also the average dis-
placements of the VF monomers under constant forces
as a function of time. As we will show, in a Rouse
framework these quantities scale, with exponents which
depend only on the spectral dimension d̃ of the corre-
sponding VF.

The determination of the eigenvalues, i.e., the solution
of

starts from the facts pointed out above, namely that the

Figure 3. Suggested chemical realization of a Vicsek fractal
with f ) 3 at generation g ) 2.

Figure 4. Two-dimensional display of an optimized three-
dimensional model of a chemical realization of the Vicsek
fractal with f ) 3 at generation g ) 2. The nitrogen atoms are
represented as spheres; for convenience, the hydrogen atoms
are not shown.

M4A3 + 3M4BC f M16C3 + 3AB (2)

Figure 5. Condensation reaction within the synthesis of
chemical realizations of Vicsek fractals.

M16C3 98
- C

+ A
M16A3 (3)

M16C3 98
- C

+ B
M16BnCm (4)

M16A3 + 3M16BC f M64C3 + 3AB (5)

(A - λI)Φ ) 0 (6)
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structure of a VF consists of three types of vertexes
(entities, beads): f-coordinated centers (fCC, the Mf),
beads on connecting bonds (the M2), and also beads at
the ends of dangling bonds (the M1); hence each of the
beads of a VF has either f, 2, or 1 neighbors. In the
following, we inspect the eigenvalue problem, eq 6, and
denote the components of the eigenvector Φ by φj.
Setting φ0 for a particular fCC component in eq 6, the
equation corresponding to the row containing this
component as a diagonal element reads

where the φjs are the eigenvector components corre-
sponding to the topological neighbors of the fCC; these
may themselves be either singly or doubly coordinated.
The corresponding equations characteristic for sites with
two neighbors are

where φ0 is the eigenvector component of the fCC that
is a neighbor of j, and φm denotes the component of the
two-coordinated neighbor of j. Finally, for a dangling-
bond component φ1 we obtain in a similar way

One can now transform, by simple algebraic means, all
such equations to a set involving the coordinates of
nearest-neighboring fCC only; by this the beads with
coordination numbers 2 and 1 get suppressed. The
details are given in the Appendix. The result is that in
the new, decimated lattice eqs 7-9 get replaced by (see
eqs 79, 72, and 60 of the Appendix)

and

in which we set

In this way eqs 10-12 reproduce basically eqs 7-9.
This, in fact, allows one to iterate at will the decimation
procedure outlined above; then starting with p1(λ) )
P(λ), in the kth iteration P(λ) gets replaced by pk(λ) )
P(pk-1(λ)). For finite VF this also allows (apart from the
eigenvalue λ1 ) 0, which is special) to determine the
eigenvalues at generation g + 1 from those at generation
g through the relation

Note that in this way each previous eigenvalue λi
(g) * 0

gives rise to three new ones (this fact, but not the
following method, was already remarked upon in refs
23, 24, 25, 26, and 35 for the case f ) 4). We can namely
start from eqs 10-14 and compute the λi

(g) iteratively,

given that the roots of the polynomial

are readily determined by introducing

and

since then the roots of eq 15 are given by the Cardano
solution; see ref 36

with νε{1, 2, 3}, where

Evidently then, one can identify in eq 15 the constant
a with λi

(g), from which, with eq 19, three new eigen-
values λi

(g+1) of the next generation follow. This proce-
dure makes also clear that the new eigenvalues keep
the degeneracy of their predecessors.

To be able to determine the eigenvalues in a system-
atic way, it is very important to focus on the underlying
eigenmodes. Following the procedure of Jayanthi and
Wu24-26 for f ) 4, we find also for general f that the
spectrum of VF is composed of nondegenerate and of
degenerate eigenvalues. Fundamental for the non-
degenerate modes is that they always involve a moving
central bead. Modes belonging to degenerate eigen-
values, on the other hand, are characterized by the fact
that the central bead does not move.

We now proceed to show that in this way we obtain
all eigenvalues. First, at every generation the non-
degenerate mode λ1 ) 0, is always present; furthermore
there is one nondegenerate mode corresponding to the
eigenvalue (f + 1) and there are ∆g degenerate modes
corresponding to the eigenvalue 1; these are character-
ized by the fact that in them all fCC are immobile.
Following the argument of ref 26, one may determine
∆g and create these modes iteratively, by going from
generation g - 1 to g. Then, given that in the construc-
tion (f + 1) VF of generation g - 1 get attached to each
other by f bonds, one has to observe f constraints. The
degrees of degeneracy are hence related through

For g g 1, the ∆g fulfill then (see also the Appendix for
another derivation):

Moreover, eigenvalues which appeared at one genera-
tion continue to appear in all subsequent generations
(they are called “persistent”24-26). As noted above, apart
from λ1 ) 0, each of the other eigenvalues (degenerate
or nondegenerate) at generation g, e.g., λi

(g), produces
three new, different eigenvalues (e.g., λi1

(g+1), λi2
(g+1), and

λi3
(g+1)) at generation g + 1.

(f - λ)φ0 ) ∑
j)1

f

φj (7)

(2 - λ)φj ) φ0 + φm (8)

(1 - λ)φ1 ) φ0 (9)

[f - P(λ)]φ̃0 )∑
j)1

f

φ̃j (10)

[2 - P(λ)]φ̃f ) φ̃0 + φ̃m (11)

[1 - P(λ)]φ̃1 ) φ̃0 (12)

P(λ) ) λ(λ - 3)(λ - f - 1) (13)

P(λi
(g+1)) ) λi

(g) (14)

P(x) - a ) x3 - (f + 4)x2 + 3(f + 1)x - a ) 0 (15)

p ) 1
3
[f(f - 1) + 7] (16)

q ) 1
27

(5 - f)(f + 4)(2f - 1) (17)

F ) |p/3|3/2 (18)

xν ) (f + 4)/3 + 2F1/3 cos((φ + 2πν)/3) (19)

φ ) arccos((a - q)/2F) (20)

∆g ) (f + 1)∆g-1 - f (21)

∆g ) (f - 2)(f + 1)g-1 + 1 (22)
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We now prove that this procedure gives at generation
g a total of N ) (f + 1)g eigenvalues, total which
corresponds exactly to the number of beads in the
system. Here, one should first remember that each bead
(vertex) provides only one component to eq 6, i.e., one
has exactly one degree of freedom per bead. Fur-
thermore, in the GGS scheme discussed in the next
Section (as is usual for Rouse-type models) the three
position components of each bead decouple, so that
it is again sufficient to consider only one component for
each bead. Turning now tho the evaluation of the
number of nondegenerate modes Ng

(nd) at generation g
one has

where we took into account the λ1 ) 0 mode and
remembered that each additional mode gives rise to 3
modes in the next generation and hence to 32 modes in
the following one, etc. On the other hand, in each
generation j, an additional number of ∆j eigenvalues to
λ ) 1 appear, a degeneracy which their offspring keeps.
Hence the number Ng

(d) of degenerate modes at genera-
tion g is

which, with ∆g given by eq 22, reads

Hence, as claimed above

Focusing on the spectral region of small λ now allows
one to determine the so-called spectral dimension d̃ of
the VF. The starting point is the observation that for
small λ one can linearize eq 15 and obtain as an
iteration scheme from eq 14

Numerically, one finds that repeated iterations lead to
a stable spectrum. On the other hand, under eq 27, the
M eigenvalues in the interval [λ(g), λ(g) + ∆λ] go over in
M eigenvalues in the interval [λ(g+1), λ(g+1) + ∆λ/(3f +
3)]. At the same time, the total number of modes
increases from N to (f + 1)N. This means that the
density of modes for small λ obeys

This implies a power-law relation, which reads in the
usual notation

It follows by inserting eq 30 into 29 that

from which one obtains d̃ for general VF:

This is the generalization for arbitrary f of the previ-
ously obtained result26,35 for f ) 4.

We used the above procedure, eqs 19 and 20, and
determined exemplarily, for f ) 2, 3, 4, and 6 the
eigenvalues of Vicsek fractals, recovering, for f ) 4, all
former findings.23-26,35 For instance, for f ) 6, we readily
obtain the eigenvalues for fractals with N up to N )
713. For small VF, it is also possible to fully diagonalize
the corresponding A matrices and to verify the correct-
ness of the procedure (eigenvalues and degeneracies).
For larger systems, e.g., for f ) 3 and N up to N ) 48,
we have used the fact that the A matrices are sparse,
and computed their eigenvalues based on a modified
Lanczos algorithm.74-76 The agreement is perfect. Note,
however, that in its standard form, the Lanczos proce-
dure then supplies only the eigenvalues, but not their
degeneracy. For even larger systems, one reaches quite
soon the limits of today’s feasible numerical diagonal-
izations, while our iterative procedure is only limited
by the number of digits employed.

We now consider the spectra which we obtained
iteratively and display in Figure 6 as a histogram, for
the Vicsek fractal with f ) 6 and g ) 13, i.e., for N )
713, the number of eigenvalues in intervals of width ∆λ
) 0.02. Furthermore, we present in the insert of Figure
6 the corresponding histogram for VF with f ) 3 and g
) 13, i.e., N ) 413. Particularly striking are for both VF
the discrete form of the spectra, the multitude of
forbidden bands, and the inherent symmetries. Note
that the forbidden bands are larger for the VF with f )
6 than for the VF with f ) 3. As for dual Sierpinski
gaskets27,28 and paralleling earlier results25,26,35,43,44 we
find that the spectra consist of both a Cantor set and
also of finite series of eigenvalues, the latter corre-
sponding to localized modes. Nonetheless, as we will
show, these spectra give rise to rather smooth mechan-
ical and dielectric relaxation forms where, as is to be
expected from Figure 6, the curves for VF with f ) 3
will turn out to be smoother than those for the f ) 6
case.

Figure 6. Density of states F(λ)∆λ for VF with g ) 13. The
main figure gives the case f ) 6, hence N ) 713, the insert the
case f ) 3, hence N ) 413. The width of the bins is in both
cases ∆λ ) 0.02.

1 ) 3[3(f + 1)]d̃/2-1 (31)

d̃ )
2 ln(f + 1)
ln(3f + 3)

(32)

Ng
(nd) ) 1 + 1 + 3 + ... + 3g-1 ) 1 + ∑

i)0

g-1

3i )

1 + (3g - 1)/2 (23)

Ng
(d) ) ∆g3

0 + ... + ∆13
g-1 ) ∑

i)0

g-1

∆g-i3
i (24)

Ng
(d) ) ∑

i)0

g-1

3i + (f - 2)(f + 1)g-1∑
i)0

g-1

3i/(f + 1)i )

(3g - 1)/2 + [(f + 1)g - 3g] (25)

Ng
(nd) + Ng

(d) ) (f + 1)g ≡ N (26)

3(f + 1)λi
(g+1) ) λi

(g) (27)

F(λ)∆λ ) (3f + 3)F(λ/(3f + 3))∆λ/(f + 1) (28)

i.e., F(λ) ) 3g(λ/(3f + 3)) (29)

F(λ) ∼ λd̃/2-1 (30)
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3. Generalized Gaussian Structures and
Relaxation

In this section, we study the dynamics of VF in the
framwork of the GGS. Given that the procedure was
recently explained in detail,17,18,32 we mainly summarize
the basic results of the GGS formalism which we will
use in the following. Now, the configuration of a GGS
is given by a set of vectors {Rk}, where Rk(t) ) (Rxk(t),
Ryk(t), Rzk(t)) ) (Xk(t), Yk(t), Zk(t)) is the position vector
of the kth bead at time t. The GGS assumption is that
the potential energy U({Rk}) is built only of harmonic
terms, involving monomers directly bound to each other;
including also interactions with external forces {Fn} the
energy U({Rk}) reads

On the right-hand-side (rhs) of eq 33 â runs over the
components x, y and z, and the GGS is taken into
account through the N × N matrix A ) (Amn). Following
Kirkwood and Riseman45 and Zimm2 the hydrodynamic
couplings between the beads may also be taken into
account; one introduces the HI tensor, H ) (Hij),whose
components in the preaveraged picture are6,15,46

Here Rij ) |Rij| ) |Ri - Rj| is the distance between beads
i and j. The interbead distances are taken to be
Gaussian distributed, so that

In eq 34, úr ) ú/6πη0l, where ú is the friction coefficient,
η0 the solvent’s viscosity, and l the average length of
an isolated bond. Furthermore, the beads are subject
to fluctuating forces, fi(t), which are zero-centered and
Gaussian distributed.

It is now a relatively straightforward matter to
compute the dynamical properties, since the GGS
problem is linear and the different components (Xi, Yi,
and Zi) decouple. When σ ) K/ú, Y ) (Y1, ...YN)T, and
f(t) and F(t) analogously are introduced, the correspond-
ing Langevin equation has the form

What is now needed is the transformation

Λ being a diagonal matrix with elements λi. The details
of the procedure were explicitly reported in ref 20.
Relevant here is that there always exists a matrix Q
which fulfills eq 37. Moreover, for a completely con-
nected structure and for a physically reasonable inclu-
sion of the HI (i.e., not too large úr) the inverse H-1

exists, and the matrix HA has only one vanishing
eigenvalue which we, as before, denote by λ1, the other
eigenvalues being positive.20

We continue by recalling that the mechanical relax-
ation is described by the complex dynamic modulus
G*(ω) or, equivalently, by its real G′(ω) and imaginary
G′′(ω) components (the storage and the loss moduli47,48),

which for ω > 0 and Rouse-type models read (see also
eqs 4.159 and 4.160 of ref 15)

and

For very dilute solutions one has C ) vkBT, where v is
the number of polymer segments (beads) per unit
volume; for concentrated solutions, when the entangle-
ment effects are negligible, eqs 38 and 39 still hold, and
only the value of C changes.48,49 In eqs 38 and 39, the λi
are the eigenvalues discussed above. Note that the
factor 2 in the expressions ω/2σλi arises from the second
moment of the displacements involved in computing the
stress required in the evaluation of G*(ω).15

We now turn to consider dielectric relaxation expres-
sions and note that their evaluation is based on the
frequency-dependent, complex dielectric susceptibility,
ε*(ω). Now one focuses usually on

where ε0 and ε∞ denote the limiting low- and high-
frequency dielectric constants, respectively. In general,
subjecting polar molecules embedded in nonpolar sol-
vents to an alternating electric field E ) E0 exp(iωt)
leads to the ∆ε*(ω) response50

when the local fields are not important. In eq 41, the
quantity C0(M; t) is the normalized autocorrelation
function of the total dipole moment M(t) of the system.
Focusing now on the dielectric response of GGSs which
possess dipole moments directed along their bonds (type
A according to Stockmayer’s classification),51-53 one
finds a straightforward correspondence between the
mechanical and dielectric relaxation forms. One has
namely54

and

One may furthermore note that the dielectric sus-
ceptibility, eqs 42 and 43, is determined by relaxation
times which are twice larger14 that those appearing in
the expressions of the mechanical relaxation, eqs 38 and
39.

We now turn to the motion of individual monomers
in external fields, an idealized case of micromanipula-
tion experiments.55-60 We let the external force start
to act at t ) 0 on one monomer contained in the GGS;
then, we average over all possibilities of choosing this
monomer randomly. The resulting (quenched) ensemble

U({Rk}) )
K

2
∑

â,m,n
RâmAmnRân - ∑

â,n
FânRân (33)

Hij ) (δij + úr〈l/Rij〉(1 - δij)) (34)

〈Rij
-1〉 ) ( 6

π〈Rij
2〉)1/2

(35)

∂Y(t)
∂t

+ σHAY(t) ) 1
ú
H(f(t) + F(t)) (36)

Q-1HAQ ) Λ (37)

G′(ω) ) C
1

N
∑
i)2

N (ω/2σλi)
2

1 + (ω/2σλi)
2

(38)

G′′(ω) ) C
1

N
∑
i)2

N ω/2σλi

1 + (ω/2σλi)
2

(39)

∆ε*(ω) )
ε*(ω) - ε∞

ε0 - ε∞
(40)

∆ε*(ω) = ∫0

∞ (- d
dt

C0(M; t)) exp(-iωt) dt (41)

∆ε′(ω) ) 1 - G′(2ω)/C (42)

∆ε′′ ) G′′(2ω)/C (43)
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averaged displacement reads20

where H̃ii ) ∑k,l Qik
-1HklQli, so that H̃1,1 is simply H̃1,1

) xN∑k Q1k
-1Hk1.

We remark that the final expression involves only the
eigenvalues of the matrix HA and the H̃ii. In eq 44, the
translational motion associated with the drift center
(DC) has separated from the rest; we recall that the DC
is defined through5,6

One may notice that in the Rouse case, where H ) I,
the DC is identical to the center-of-mass; in general,
however, this does not hold. Moreover, for H ) I, i.e.,
Hkl ) δkl, all H̃ii equal unity, and eq 44 depends only on
the eigenvalues of A, but not on its eigenvectors; Y(t)
simplifies then to

From eq 44, the behavior of the motion for extremely
short and for very long times is obvious: one has in the
limit of very short times Y(t) ) Ft/ú, since Tr(H̃) )
Tr(Q-1HQ) ) Tr(H) ) N, see eq 34. In the opposite
limit, for very long times one has Y(t) ) FH̃1,1t/Nú. The
interpretation is that at very short times only one bead
is moving, whereas at long times the whole GGS drifts.
These very general features make clear that the par-
ticular structure of the GGS is revealed in the inter-
mediate domain of times (or frequencies);18,20,27,28,31-33

there, the behavior indeed depends in a detailed way
on the eigenvalues and eigenvectors and thus on A and,
depending on the model, also on H.

In the next section, we will consider what happens
with structures modeled by finite VF in the Rouse
scheme (i.e., H ) I). Fractals are of fundamental
importance as simply structured, highly nontrivial
scaling objects.17,29-33,61-68 Now, VF are special in that
they (as the related dendrimers5-8,19-21,69) belong to the
class of hyperbranched polymers.3 In studying the VF
dynamics, we will consider their mechanical and dielec-
tric relaxation forms and also the motion of their
monomers under external forces.

4. Rouse-Dynamics of Generalized Vicsek
Fractals

As shown above, the relaxation forms eqs 38, 39, and
44, require the knowledge of the eigenvectors and
eigenvalues of the matrices A, HA, and Q-1HQ. In the
absence of HI (Rouse case), it is sufficient to know all
the eigenvalues of A in order to determine the global
behavior of the system. In the presence of HI one needs
first to diagonalize A in order to obtain, based on eqs
34 and 35, the matrix H; the diagonalization of HA leads
then to the eigenvalues needed in eqs 38 and 39,

whereas the diagonal elements of the matrix Q-1HQ
are also required in order to compute Y(t) based on eq
44.

We are now in the position to use the eigenvalues
obtained in order to calculate in the Rouse case (H ) I)
the different relaxation forms discussed in section 3. We
start by focusing on the mechanical relaxation modulus
G′(ω), given by eq 38, which we present in double-
logarithmic scales in Figure 7. Here we vary f and use
VF with g ) 13 and f equal to 2, 3, 4, and 6; hence, N
goes from 313 to 713. We plot eq 38 in dimensionless
units, by setting σ ) 1 and C/N ) 1. Clearly evident
from Figure 7 are the limiting, connectivity-independent
behaviors at very small and very high ω; for ω , 1 one
has G′(ω) ∼ ω2 and for ω . 1 one finds G′(ω) ∼ ω0. The
fractal aspect is given by the between regions, where
in the double-logarithmic scales of Figure 7 the G′(ω)
appear as roughly straight lines, with slopes which
increase with f. Furthermore, with increasing f there
appears an increasing waviness of G′(ω). This is no
inaccuracy of the calculations, but the sign of the
underlying Cantor-set structure of the spectrum; for
large f, the sum in eq 38 cannot smooth out this
structure anymore, and the share of each generation
gets to be visible in G′(ω). If we disregard this waviness,
Figure 7 indicates that one has to a very good ap-
proximation

i.e., that G′(ω) scales in the intermediate domain. Now,
a more detailed analysis27-30 shows that in the limit N
f ∞ one should have R′ ) d̃/2, where d̃ is the spectral
dimension, eq 32. The data of Figure 7 support this very
well; using a linear approximation in the scaling regime
leads for f ) 2, 3, 4, and 6 to R′ ) 0.504, 0.557, 0.595,
and 0.640, respectively, to be compared with the theo-
retical value d̃/2 ) ln(f + 1)/ln(3f + 3), namely to 1/2,
0.55789, 0.59432, and 0.63975. This very good agree-
ment is due to the fact that the N values used in Figure
7 are very large; we can attain them due to our method
of calculation of the eigenvalues. We note that if N is
rather small, e.g., around 1000, due to the substantial
crossover domains, the slope which can be inferred from
the moduli is rather far from d̃/2; to obtain this value
accurately, larger GGS are needed. On the other hand,
diagonalizing numerically (for other GGS families)
matrices much larger than 5000 × 5000 is by no means

Y(t) ≡ 〈〈Y(t)〉〉 )
FH̃1,1t

Nú
+

F

σNú
∑
i)2

N 1 - exp(-σλit)

λi

H̃ii

(44)

RDC(t) )

∑
i,j

Hij
-1Rj(t)

∑
i,j

Hij
-1

(45)

Y(t) )
Ft

Nú
+

F

σNú
∑
i)2

N 1 - exp(-σλ/t)

λi

(46)

Figure 7. Normalized storage modulus G′(ω) for the Rouse
model, shown in dimensionless units for g ) 13 and f ) 2, 3,
4, and 6 from below and hence for N ) 313, 413, 513, and 713,
evaluated according to eq 38. The scales are double logarithmic
to basis 10.

G′(ω) ∼ ωR′ (47)
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trivial, requiring the diagonalization70,71 and inversion72

of nonsparse matrices.
Given that G′′(ω) and ∆ε′′(ω) are very similar, see eq

43, we choose to continue with the dielectric relaxation.
For this we display ∆ε′′(ω) in Figure 8 under the same
conditions as G′(ω) of Figure 7. Now the limiting cases
for small and large ω are ∆ε′′(ω) ∼ ω and ∆ε′′(ω) ∼ ω-1,
respectively. Again concentrating on the intermediate
domain, we find for f ) 2, 3, 4, and 6 that the slope of
∆ε′′(ω) in the double logarithmic scales of Figure 8
changes from 0.5, 0.556, 0.593 to 0.637. Again these
values compare very favorably to the theoretically
expected d̃/2, given above. As noted in previous
works,18-20,28,73 we find that the numerically determined
slopes for G′′(ω), i.e., for ∆ε′′(ω), are systematically lower
than those for G′(ω). Moreover, also from Figure 8, we
remark that the waviness of the curves increases with
larger f. Overall, however, we find that the spectral
dimension gives a good picture of the scaling behavior
in the Rouse case.

We finish by focusing in Figure 9 on the averaged
monomer displacement Y(t) in the Rouse scheme; in eq
46, we set σ ) 1 and F/ú ) 1. The results are again
presented in double-logarithmic scales for finite VF
ranging from N ) 313 to N ) 713. Clearly evident from
the figure is, for f ) 2, 3, and 4, that at long times one
reaches the domain Y(t) ∼ Ft/(Nú), which, in the
absence of an external field (based on the Einstein
relation for GGS20), is the hallmark of simple diffusion.

Because of this N dependence of Y(t), in Figure 9 at
long times the curves belonging to VF of different f are
shifted with respect to each other. Moreover, at very
short times Y(t) = Ft/ú for all N. Again, typical for the
fractal structure is the intermediate regime. In the
double logarithmic scales of Figure 9 this subdiffusive,
scaling domain appears (as in Figure 3 of ref 27) as a
straight line; it obeys

where theoretically one expects27,28,31-33

d̃ being again the spectral dimension.
Using the slopes of the curves of Figure 9 in the

intermediate regime, we determine numerically the
parameter γ of eq 48, and find for f ) 2, 3, 4, and 6 that
γ ) 0.501, 0.442, 0.407, and 0.361, to be compared with
1 - d̃/2 ) 1/2, 0.44211, 0.40568, and 0.36084, respec-
tively. The accuracy attained is certainly sufficient to
allow us to claim that for VF and for the dynamical
forms analyzed here the sole fractal parameter of
importance is indeed d̃. These VF results complement
in a nice way similar findings for dual Sierpinski
gaskets.27,28

Summarizing, in the Rouse GGS model, we find that
for VF the mechanical and dielectric relaxation forms
scale and that the scaling exponents are well-repre-
sented by simply taking only the VF spectral dimension
into account. Moreover, scaling is also evident in the
subdiffusive drift motion of the VF and in the average
motion of monomers under external forces. We now turn
to the evaluation of these dynamical quantities in the
presence of HI.

5. Zimm-Dynamics of Vicsek Fractals
We are now in the position to use the theory developed

in section 3 in order to calculate numerically the
different relaxation quantities for Vicsek fractals under
HI. We prefer to start from the averaged monomer
displacement Y(t), eq 44, in which we set σ ) 1 and F/ú
) 1 and present in Figure 10 the HI results for finite
VF with f ) 2, 3, and 4, and for úr ) 0.25. We have taken
the N values to be N ) 4000 for f ) 2, N ) 46 ) 4096
for f ) 3, and N ) 55 ) 3125 for f ) 4. Evidently, given

Figure 8. Normalized dielectric relaxation ∆ε′′(ω) for the
Rouse model, shown for the same N values as in Figure 7 and
evaluated according to eq 43, see the text for details. The scales
are as in Figure 7.

Figure 9. Averaged monomer displacement Y(t) under the
action of an external force in the Rouse picture. Displayed are
in double logarithmic scales to basis 10 and in dimensionless
units the normalized Y(t) for N ) 313, 413, 513, and 713 from
above, see the text for details.

Figure 10. Averaged monomer displacement Y(t) of Vicsek
fractals under the action of external forces in the Zimm model
for úr ) 0.25. Displayed are (on the rhs. from below) the results
for N ) 4000, 4096, and 3125 for f ) 2, 3 and 4, respectively.
The scales are as in Figure 9.

Y(t) ∼ tγ (48)

γ ) 1 - d̃/2 (49)
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that now we have to determine the eigenvalues through
advanced diagonalization routines,70-72 the attainable
values for N are much more restricted than in the Rouse
case. As before, for very short times all of the curves
merge; this is the domain where Y(t) ) Ft/ú. Further-
more, at long times one reaches the domain Y(t) =
FH̃11t/(Nú). In the logarithmic scales of Figure 10, these
two domains appear as straight lines with slope 1. In
all VF cases considered, under HI the intermediate
range gets smaller (as was also established by us for
other macromolecules in previous works19,20). Interest-
ingly, the curves shown in Figure 10 also indicate the
possibility of scaling; qualitatively, we find that in the
intermediate regime one can well approximate the
curves by straight lines, whose slopes are 0.66 for f )
2, 0.64 for f ) 3, and 0.63 for f ) 4. We also note that,
in contrast to Figure 9, in Figure 10 the slopes of the
curves in the intermediate regime hardly differ from
each other; evidently, the dynamics of macromolecules
under HI occurs as if the moving objects were more
compact, and hence their internal dynamics does not
show up so clearly as in the Rouse case. We note that
the case f ) 2 is the classical Zimm result for the linear
chain. Indeed, as shown in ref 73, scaling is well obeyed
for the linear chain under HI, with a power-law whose
exponent is quite close to the value of 2/3.

To display a more quantitative analysis of the dy-
namical data under HI, we plot in Figure 11 the
quantity γ ) d log (Y(t))/d log10(t) as a function of log10
t for the VF of Figure 10. In this way one can see rather
clearly for each f the appearance of a plateaulike regime
at the approximate values of 0.66, 0.63, and 0.62 for f
) 2, 3 and 4, respectively. Furthermore, some oscilla-
tions are evident; they are due to the internal structure
of the VF and their hierarchical construction.

We now turn to the study of the mechanical relaxation
and focus on the storage modulus G′(ω), which, paral-
leling Figure 7, we present in Figure 12. Here, we use
VF with f ) 2, 3, 4, and 6, with N being 4000, 46, 55,
and 74 ) 2401, respectively. Plotted are the results of
eq 38 for úr ) 0.25, in dimensionless units, in which we
set σ ) 1 and C/N ) 1. As in the Rouse case, Figure 7,
again the limiting, connectivity-independent behaviors
at very small and very high ω are evident; moreover,
as before, the structure-dependent aspects are given by
the intermediate regions. Now, as in former calcula-
tions19,20 and as stressed in the discussion of Figure 10,
the first clear-cut feature is that under HI the inter-

mediate domain gets smaller. Now, where scaling is
concerned, it appears that the slopes of G′(ω) vary
somewhat as a function of ω.

To render these aspects more evident, we show in
Figure 13 the quantity R′ ) d(log10 G′(ω))/d(log10 ω) for
the VF of Figure 12; the R′ are in fact the derivatives of
the curves (i.e., the slopes) displayed in Figure 12.
Immediately apparent are for very small and for very
large ω the limiting, theoretically expected values,
namely 2 and 0; furthermore the intermediate domain
shows clear transition regions. Note that the presenta-
tion in Figure 13 visually enhances the oscillations
found in Figure 12; as the g dependence of the patterns
makes clear, the oscillations are due to the hierachical
construction of the VF.

For the intermediate domain, a theoretical effective
medium approach was developed by Cates29,30 for poly-
meric fractals; in this regime (called by him the high-
frequency regime), his approach suggests a power-law
scaling behavior for G′(ω). From these works,29,30 under
HI the exponent d̃/2 should get replaced by dh f/d, see eqs
4.14 ff and 4.40 of ref 30, where dh f is the fractal
dimension of the object in solution, dh f ) 2dhr, with dhr
being given by eq 1. This leads to the following theoreti-
cal estimate for the slopes:

Using eq 50, we obtain for f ) 2, 3, 4, and 6 as
theoretical values for the slopes 0.667, 0.841, 0.977, and
1.180, respectively. These values should be compared

Figure 11. Slopes γ ) d(log10 Y(t))/d(log10 t) of the averaged
monomer displacement of VF under the action of external
forces, plotted as a function of log10 t. Displayed are the results
of the Zimm model (úr ) 0.25), for the VF given in Figure 10.

Figure 12. Normalized storage moduli G′(ω) for the Zimm
model (úr ) 0.25), shown in dimensionless units from above
for N ) 4000, 4096, 3125, and 2401 for f ) 2, 3, 4 and 6,
respectively. They were evaluated according to eq 38; see the
text for details. The scales are as in Figure 7.

Figure 13. Effective slopes R′ of G′(ω) of Figure 12, plotted
as a function of log10 ω, see the text for details.

dh f

d
)

2 ln(f + 1)
3 ln 3

(50)
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to our numerical results, namely to R′ ) 0.66 for f ) 2,
R′ ) 0.76 for f ) 3, R′ ) 0.81 for f ) 4, and R′ ) 0.88 for
f ) 6. We thus find a discrepancy between the theoreti-
cally expected values and the numerical results; how-
ever, this discrepancy may be due to the fact that the
VF used here in the Zimm case are by far smaller than
those employed by us before in the Rouse case, where
the agreement with the theoretical results turned out
to be very good. This finding stresses again the impor-
tance to study very large systems and the advantage
offered by our iterative scheme in determining the
eigenvalues of A even for very large VF to high preci-
sion.

6. Conclusions

In this paper, we have concentrated on Vicsek frac-
tals, a class of hyperbranched molecules whose dynami-
cal properties obey scaling. After having sketched a
possible chemical scheme for synthesizing macro-
molecules of VF character, we have demonstrated that
these objects have well-determined fractal and spectral
dimensions. Furthermore, as we have derived, the
eigenvalues of the connectivity matrices of VF can be
evaluated by iterative algebraic relations in a straight-
forward manner. In this way, we have also enlarged the
theoretical knowledge about VF, given that up to now
the literature focused on VF with coordination number
f ) 4. On the basis of eq 1, we remark that only
coordination numbers f e 5 give rise to fractal dimen-
sions that are smaller than the Euclidian dimension d
) 3. In terms of f one thus has a natural limit for
overcrowding. The VF cases f ) 3 and f ) 4 are, see eq
1, nonspace filling, and they can thus be extended to
infinity (i.e., take g very large), regardless of the length
of the connecting bonds. The cases f g 5 require more
care, however, since a straightforward application of eqs
1 and 50 leads to having dhm > 3. But even then very
large VF may be constructed by using relatively long
chains as spacers. We are thus confident that such VF
can be synthesized, possibly along the lines suggested
by us, which involve triarylamines as building blocks.

Moreover, using our knowledge, we have calculated
basic experimental quantities of the VF dynamics in
solution, where we have also taken the influence of
hydrodynamic interactions into account. The quantities
considered were the mechanical and dielectric relax-
ation, as well as the stretching of the macromolecules
under local external fields. The general picture that
emerges is that VF-type macromolecules do obey scal-
ing, fact with differentiates them from the dendrimers.
Here, of course, also the question whether a Θ-point
may be found is of much interest; at the Θ-point the
structure should behave as an ideal one, given that the
two-body interactions should, on the average, cancel
exactly. Given, however, the complexity of the question
(we note that even for stars and for dendrimers it is a
matter of heated debate), the whole problem is an issue
for additional studies. Evidently, structures build from
very long spacer chains are more prone to behave in a
Gaussian fashion.

In summary, we hope to have demonstrated that
regular hyperbranched polymers may display very
interesting mechanical and dielectric relaxation proper-
ties. Hence, we look forward to having substances with
VF architecture soon synthesized, thus allowing for
their experimental investigation.
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Appendix
Here we present the details of the decimation proce-

dure discussed in section 2. Our starting point is eq 6
or, explicitly, eqs 7-9, which give the relations between
the components φ of the eigenvector Φ belonging to a
particular eigenvalue λ.

For a dangling end case, the situation is sketched in
Figure 14. In this figure, the beads that get eliminated
in the decimation step are shown as circles. The
components corresponding to these beads are φij with 1
e j e f and φ01. Note that the figure is based on the
special case f ) 4 but that in the following derivation f
is arbitrary, f g 3. The two beads shown as squares are
those that remain after the decimation; their compo-
nents are φ00 and φ10. The eigenvalue equations for the
considered components read, from eq 6

and

Now, eqs 53 and 54 can be combined, leading to

hence

On the other hand, from eq 51, one has simply

Inserting eq 56 and 57 into eq 52 leads to

hence

Figure 14. Decimation step for singly coordinated centers.

(1 - λ)φ1j ) φ10, for 2 e j e f (51)

(f - λ)φ10 ) φ11 + ∑
j)2

f

φ1f (52)

(2 - λ)φ11 ) φ01 + φ10 (53)

(2 - λ)φ01 ) φ00 + φ11 (54)

(2 - λ)2
φ11 ) (2 - λ)φ10 + φ00 + φ11 (55)

φ11 ) [(2 - λ)2 - 1]-1 [(2 - λ)φ10 + φ00] (56)

φ1j ) (1 - λ)-1
φ10, for 2 e j e f (57)

(f - λ)φ10 ) [(2 - λ)2 - 1]-1[(2 - λ)φ10 + φ00] +

(f - 1)(1 - λ)-1
φ10 (58)

φ00 ) {[(2 - λ)2 - 1][(f - λ) - (f - 1)(1 - λ)-1] -
(2 - λ)}φ10 (59)
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Remarking that [(2 - λ)2 - 1] ) λ2 - 4λ + 3 ) (1 - λ)(3
- λ), it is now straightforward to verify that eq 59 can
be reformulated in terms of P(λ), eq 13 as

which corresponds to eq 12 of the main text.
The procedure is straightforwardly extended to the

other two cases, involving two- and f-coordinated beads.
The situation for 2-fold coordination is shown in Figure
15. Here, the components of the circular beads to be
eliminated are φ01 and φ22, as well as φ1j with 1 e j e f.
The components of the three square beads that remain
after decimation are φ00, φ10, and φ20. The eigenvalue
equations for the components read

and

As before, eqs 61 and 62 on one hand and eqs 65
and 66 on the other hand can be combined, leading
to

and to

respectively. On the other hand, eq 63 gives

Inserting eqs 67 to 69 into eq 64 leads to

Hence

which reformulated in terms of P(λ) reads

corresponding to eq 11 of the main text.
The situation for the f coordinated beads is shown in

Figure 16 and it is even simpler, since no dangling bead
reduction has to be taken care of in this case. The
components of the circular beads to be eliminated are
now φ0j and φj1, with 1 e j e f, while the components of
the remaining square beads are φk0 with 0 e k e f. The
eigenvalue equations for these components read

and

As before, eqs 73 and 74 yield

Finally, inserting eq 76 into eq 75 leads to

Hence

Figure 15. Decimation step for doubly coordinated centers.

Figure 16. Decimation step for f-coordinated centers.

φ00 ) [1 - P(λ)]φ10 (60)

(2 - λ)φ01 ) φ00 + φ12 (61)

(2 - λ)φ12 ) φ01 + φ10 (62)

(1 - λ)φ1j ) φ10, for 3 e j e f (63)

(f - λ)φ10 ) φ11 + φ12 + (f - 2)φ13 (64)

(2 - λ)φ11 ) φ10 + φ22 (65)

(2 - λ)φ22 ) φ20 + φ11 (66)

φ12 ) [(2 - λ)2 - 1]-1[(2 - λ)φ10 + φ00] (67)

φ11 ) [(2 - λ)2 - 1]-1[(2 - λ)φ10 + φ20] (68)

φ1j ) (1 - λ)-1
φ10, for 3 e j e f (69)

(f - λ)φ10 ) [(2 - λ)2 - 1]-1[2(2 - λ)φ10 +

φ00 + φ20] + (f - 2)(1 - λ)-1
φ10 (70)

φ00 + φ20 ) {[(2 - λ)2 - 1][(f - λ) -

(f - 2)(1 - λ)-1] - 2(2 - λ)}φ10 (71)

φ00 + φ20 ) [2 - P(λ)]φ10 (72)

(2 - λ)φj1 ) φ0j + φj0, for 1 e j e f (73)

(2 - λ)φ0j ) φ00 + φj1, for 1 e j e f (74)

(f - λ)φ00 ) ∑
j)1

f

φ0j (75)

φ0j ) [(2 - λ)2 - 1]-1[(2 - λ)φ00 + φj0], for 1 e j e f
(76)

(f - λ)φ00 ) [(2 - λ)2 - 1]-1[f (2 - λ)φ00 +∑
j)1

f

φj0] (77)

∑
j)1

f

φj0 ) {[(2 - λ)2 - 1](f - λ) - f(2 - λ)}φ00 (78)
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or, reformulated

which corresponds to eq 10 of the main text.
As a last comment, we note that eqs 57 and 69 require

that λ * 1; otherwise the fCC to which the dangling
modes are attached do not move. Then the modes
around such fCC are localized, see eqs 52 and 64. This
leads, as we proceed to show, to the degeneracy men-
tioned in the main text, eq 22, where we obtain ∆g by
counting all the linearly independent modes in which
the fCC are immobile.

In the recursive construction of VF, the number of
fCCs increases by a factor f + 1 at each generation, so
that the number of fCCs at generation g is (f + 1)g-1.
Because of eq 8, each of the pairs of intermediate beads
connecting any two fCCs must move in parallel. For a
connected local mode, we define its origin as the fCC
with moving neighboring beads which is closest to the
center of the VF. We may now select a complete set of
linearly independent modes by requiring that any mode
of the set has next to such a fCC exactly two beads that
move antisymmetrically. Then, each fCC of the VF is
origin to f - 2 of these modes, unless it is the central
fCC, which is origin to f - 1 modes of the set. Taking
care of the one additional mode for the central fCC, we
find that

which is eq 22 of the main text.
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